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Abstract

We classify generalized Camassa—Holm-type equations which possess infinite
hierarchies of higher symmetries. We show that the obtained equations can be
treated as negative flows of integrable quasi-linear scalar evolution equations
of orders 2, 3 and 5. We present the corresponding Lax representations
or linearization transformations for these equations. Some of the obtained
equations seem to be new.

PACS numbers: 02.30.1k, 02.30.Jr

1. Introduction

In recent years, there has been a growing interest in integrable non-evolutionary partial
differential equations of the form

0

—. 1
ox (D

Here F'is some function of u and its derivatives with respect to x. The most celebrated example
of this type of equations is the Camassa—Holm equation [1]:

(1 = DYu, = Fu, e, Uy, Unrss - - ), u=ux,1), D, =

(l — Df)u, =3uuy, — 22Uy Uyy — Ullyyy-
Another equivalent form of the Camassa—Holm equation is

m; = 2muy, + umy, m=U — Uygy.
The Camassa—Holm equation is integrable by the inverse scattering transform. It possesses an
infinite hierarchy of local conservation laws, bi-Hamiltonian structure and other remarkable
properties of integrable equations. Despite its non-evolutionary form, the Camassa—Holm
equation possesses an infinite hierarchy of local higher symmetries—indeed this equation
can be viewed as an inverse flow of the equation u, = D,(u — uxx)_%. Furthermore, the

Camassa—Holm equation can be reduced via a reciprocal transformation to the first negative
of the Korteweg—de Vries hierarchy (see also [2]). The Camassa—Holm equation possesses
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multi-phase peakon solutions (peaked soliton solutions with discontinuous derivatives at the
peaks).

Until 2002, the Camassa—Holm equation was the only known integrable example of type
(1), which possesses peakon solutions, when Degasperis and Procesi isolated another equation

2
(1 — Dx)u, =duu, — 3uUlyy — Ullyyy,
or in a different form
m; = 3mu, +umy, m=u—Uy,,

which was also found to be integrable by the inverse scattering transform [5]. The Degasperis—
Procesi equation also possesses infinitely many conservation laws, bi-Hamiltonian structure,
etc. It also possesses an infinite hierarchy of local higher symmetries and can be seen as a
non-local symmetry of a local evolutionary equation u, = (4 — Df) D.(u — u”)‘%. In fact,
the Degasperis—Procesi equation can be reduced via a reciprocal transformation to the first
negative flow of the Kaup—Kupershmidt hierarchy [3].

One may ask the following questions: are there other integrable equations of the form (1),
and is it possible to classify all integrable equations of this type? The answer to both questions
is positive.

The first classification result of equations of type (1) was obtained in [6] using the
perturbative symmetry approach in the symbolic representation. In the symmetry approach the
existence of infinite hierarchies of higher symmetries is adopted as a definition of integrability.
The conditions of existence of higher symmetries are very restrictive and result in algorithmic
and efficient integrability test. In particular, the following result was proved in [6].

Theorem 1. If equation
m; = bmu, +um,, m=Uu— Uyy, b € C\{0}

possesses an infinite hierarchy of (quasi-) local higher symmetries, then b = 2, 3.

Obviously, the case b = 2 corresponds to the Camassa—Holm equation, while b = 3 gives the
Degasperis—Procesi equation.

In this article, we extend the classification result of [6] and apply the perturbative symmetry
approach to isolate and classify more general class of integrable equations of the form (1). We
assume that function F on the right-hand side is a homogeneous differential polynomial over
C, quadratic or cubic in u and its x-derivatives. The obtained list comprises 28 equations (see
section 3) and some of these equations seem to be new to the best of our knowledge. The list
includes an equation of the form

(1 — Di)u, = uzumx +3uu u, — 4u2ux.

Integrability and multipeakon solutions of this equation have been recently studied in [7, 11].
For all the obtained equations we present their first non-trivial higher symmetries. We also
give Lax representations or linearization transformations for most of the equations. We show
that all the obtained equations can be treated as negative flows of integrable quasi-linear scalar
evolution equations of orders 2, 3 or 5. The classification results of the latter ones can be
found in [10].

2. Integrability test

In this section, we briefly recall the basic definitions and notations of the perturbative symmetry
approach (for details see [6, 12]). We also present the integrability test [6], which we apply to
isolate integrable generalizations of the Camassa—Holm equation.
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2.1. Symmetries and approximate symmetries

In what follows, we shall consider the Camassa—Holm-type equation (1) with the right- hand
side being a differential polynomial over C.

Let R be a ring of differential polynomials in u, u,, uy,, ... over C. We shall adopt a
notation

u;i = D'(u).

We shall often omit subscript O at uo and write u instead of uy.
The ring R is a differential ring with a derivation

0
D, = Zum—-
i>0 8ul~

The ring has a natural gradation with respect to degrees of nonlinearity in # and its x-derivatives:

R:EBR,-,

i>0
Ri = {f(l/l, U, ..., uk) € Rl.f()\'uv)"ula s ,)\.Mk) = )"if(uﬂ Uy, ..., uk)}a reC.
The space Rg = C, R is a space of linear polynomials in u, u1, ..., R, is a space of quadratic

polynomials, etc. It is convenient to introduce a notion of ‘little oh’ as

f=0R,) & [ePDR.
i>p
Let us denote by R, a differential ring without a unit:
R. = PR
i>0
Suppose that FF € R, in equation (1). We can formally rewrite equation (1) as an
evolutionary equation as

u, = A(F), A=(1-D})" )

Symmetries and conservation laws of this equation, if they exist, may also contain operator
A in their structure and therefore we need an extension of the differential ring R, with the
operator A. The construction of such extension was first suggested in [9] for the evolutionary
(2 + 1)-dimensional equations. For the Camassa—Holm-type equations it was first applied in
[6]. For example, let us construct a sequence of spaces Rﬂr, i=0,1,2,..., as follows:

R =R,, Ry =R A(RY). R =Rrr JA(R2).
The subscript n in R’ is the ‘nesting depth’ of the operator A. The extension construction is
compatible with the natural gradation:

Rl = PR, Ry = {flul € RY| flrul = A flul}, 1 eC.

i>0

Itis clear that A(F) in equation (2) belongs to R!. The symmetries of the equation may belong
to R* for some appropriate k¥ > 0 and we introduce the following definition of a symmetry.
Definition 1. A function G € R’j, k > 0, is called a generator of a symmetry of equation (2)
if a differential equation

u, =G
is compatible with equation (2): G, — F, = Q.
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We adopt the following definition of integrability.
Definition 2. Equation (2) is integrable if it possesses an infinite hierarchy of symmetries.

In addition to the definition of a symmetry we also introduce a definition of an approximate
symmetry.

Definition 3. A function G € R, k > 0, is called a generator of an approximate symmetry
of degree p of equation (2) if G, — F; = O(R’[‘,).
Any equation
up = AF) = AF) + A(F2) + -+ + A(Fp), Fy € Ry,

possesses an infinite hierarchy of approximate symmetries of degree 1—these are symmetries
of its linear part u; = A(F). The condition of existence of approximate symmetries of degree
2 imposes strong restrictions on the equation. However, an equation may possess infinitely
many of approximate symmetries of degree 2, but fail to possess approximate symmetries of
degree 3. On the other hand, an integrable equation possesses infinitely many approximate
symmetries of any degree. The degree of approximate symmetry can be viewed as a measure
of the integrability. In many cases, the existence of approximate symmetries of sufficiently
large degree implies integrability.

In order to derive the conditions of existence of symmetries and approximate symmetries,
it is convenient to introduce the symbolic representation of the ring R, and its extension.

2.2. Symbolic representation

We start by introducing the symbolic representation R, of R... We first introduce the symbolic
representation of spaces Ry, k =1,2,....

(1) To a linear monomial u; € R we put into correspondence a symbol
u; —> ﬁEl'

(2) To a quadratic monomial u;u; € R, we put into correspondence a symbol

2
J,si
uij — 3(51152 +§j fé)
(3) We represent a generic uy’uy' - - u;* € Ry, n =ng+ny + - -+ n; by a symbol
ny. n ni Anls0 0 &1 1 k
Uy ull ol —— U (Sl e Engén(ﬁl o 'Eno+n] o 'En>’

where the brackets (x) denote a symmetrization operation:

1
(FEr o &0)=— 3 fEoy, ko).

‘oES,

We define addition, multiplication and derivation as follows. Let f € R; and g € R;
be two monomials and their symbolic representation is given by f — @a(&y, ..., &) and
g — wb(&, ..., &j). Then

f+g— ia,....&)+i/bE,....&)

and

frg— ™ aE, . EDbE, . E))).
In particular, if i = j, then f + g — &' (a(&y, ..., &) +b(&y, ..., &)).

4
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To a derivative of f — @'a(%, ..., &), we put into correspondence

Dy (f) — d'aEr, ..., E)E + -+ &).

This concludes the construction of the symbolic representation R, of the differential ring R,

We also introduce a notion of a pseudo-differential formal series in the symbolic
representation. We reserve a special symbol 1 for the operator D, in the symbolic
representation with an action rule

U(ﬁna(él, ) i:n)) = ﬁna(él» BRI En)(‘i:l +---F én)
Let fDY and gDY, p,q € Z, be two (pseudo)-differential operators and suppose that

f — d'a,....&) and g > 4/b(&,...,&;). Then for the symbolic representation of
these operators we have
fD! — i'a, ... &)n", gD! — b, ... &)’

For the addition and composition of pseudo-differential operators in the symbolic
representation we have

fDP +gD? —s ila, ..., 00" +@/b(E, ..., E)nf,
fD?ogD! —s i a(Ey, ..., E)(+ &t + -+ E )P, - B D).

More generally we shall consider formal series in the form

A =ay(n) + fay (&1, n) + 0Pax(Er, E2, ) + Waz (&1, &2, &3, ) + -+ -, 3)

where functions ap(&,...,&,n) are symmetric functions with respect to arguments
&1, ..., &. The addition rule of such series is obvious, while for composition of two monomials
we have

d'ar, ... & mod’bE, ... 5. m)
= ﬁ'”@l@l, &g+t $i+j)b($i+1, ce ,§i+j, m),
where the symmetrization operation is taken with respect to all arguments &, ..., &, ;, but

not 7.
We introduce a notion of /ocality of a pseudo-differential operator.

Definition 4. Function a(&y, ..., &;, n) is called local if all coefficients a;(&y, ..., &) of its
expansion inn atn — 00

aG,....&m =y ajE,....&)m
j<s
are symmetric polynomials in variables &, ..., &;. Formal series (3) is called local if all

Sunctions a; (&, ...,&;),j=1,2,...,in(3)are local.

To construct the symbolic representation of the extension of the ring R, with the operator
-1, . . . .
A= (1 — Df) it is enough to note that the symbolic representation of the operator A is

A— (1=npH""
Indeed, if f € Ry and f — ﬁka(él, ..., &), then
~k a(“;:lv""ék)
M e s

Using if necessary the addition and multiplication operations we thus can obtain the symbolic
representation of any space R..
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In addition to the notion of locality of a pseudo-differential series we also introduce a
notion of quasi-locality.

Definition 5. A pseudo-differential operator
Wa, .. Ean) =Y @G ... &)
i<s

is called quasi-local if for all i < s,0"a; (&1, ...,&,) are symbolic representations of some
elements from Rf, for some k > 0. A formal series (3) is called quasi-local if all its terms are
quasi-local.

Finally, we introduce a notion of a Frechet derivative in the symbolic representation: let
f € Ry, k> 0,n >0, and its symbolic representation is given by f — f = ika(g, ..., &).
Then the Frechet derivative f, corresponds to

fo— Fo=ki*aE, ... &1, ).

2.3. Symmetries and approximate symmetries in the symbolic representation

Now we derive conditions of existence of symmetries and approximate symmetries of
equation (2). We shall suppose that F' € R, and thus we can rewrite equation (2) as

U, = A(F) = A(F)+ A(F) + -+ A(F), F; € R;, i=1,2,.... 4)
We write the symbolic representation of A(F) as

A(F) — F =twE) + a1, &)+ + a1 (&L ... ). &)
By construction a;(§;,...,&+1),i = 1,...,k — 1, are symmetric rational functions in
&1, ..., & of the form

bl(éf 9"'7&' )
ai(§1, ..., &) = 1 - 5
1=+ +&1)

where symmetric polynomials b; (&1, ..., &) are symbolic representations of differential

polynomials Fj.,i = 1,2,...,k — 1. Similarly w(§)) = d)(sl)/(l — 512) and ®(&)) is a
symbolic representation of F;. We shall suppose that F) is such that w (&) # const &;.

Let G € R, n = 0, be a symmetry of (4). Without loss of generality we can suppose
that

G=G+Gy+---+ Gy, G eR!, i=1,...,m.
Let

G — aQEN +0PA (L E) + -+ 0" Ay (1, E) (6)
be a symbolic representation of G, i.e. WA, ... &8),i=1...,m—1, are symbolic
representations of G; € R and thus are symmetric rational functions in &, ..., &.

The following proposition holds.

Proposition 1. The function G € R, n = 0, with the symbolic representation (6) is a
generator of a symmetry of equation (4) with the symbolic representation (5) if and only if

Q&+ &) — Q&) —Q(&6)
A11,8&) = 0+ E) — &) — 0E) a1(&1, &),
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Gﬂ(éh ceey §m+1)
Ao mi) = —————————an(&1, - -+ Smr1)
GO ) :
m—1 m+ 1 m+1
w -1
+G2E1, . En) |:< Z m——j+1Aj (51, & Z Sk)am—j(%’jn, ey Emel)
j=1 k=j+1
m—1 m+1 m+1
- Z mamfj (%_1, e gmfj» Z 'i:k) : Aj(%-mfj+lv cee %—m+l)>:|7
j=1 k=m—j+1
where

n=1

G2, &) = 9(2&) - Q)
n=1 n=1

and ' A;_1 (&1, ..., &_1) are symbolic representations of elements of R}.

Gl ... 6n) = w(Z&) — > 0,
n=1

The proof follows from the compatibility conditions of equation (4) and u, = G (for
details see [6]). Proposition 1 gives necessary and sufficient conditions of existence of an
approximate symmetry of degree p. Indeed, if for a given equation (4) with the symbolic
representation (5) W A_(&,... &) are symbolic representations of elements of R for all
i=1,2,..., p,then Gis an approximate symmetry of degree p. Note that if G is a symmetry,
then it is completely determined by its linear part G;. From proposition 1 it follows that to
characterize a hierarchy of symmetries it is sufficient to characterize a hierarchy of admissible
linear terms.

However, it is possible to derive the necessary conditions of existence of an infinite
hierarchy of (approximate) symmetries without knowing the structure of admissible linear
terms of the symmetries. To do so we introduce a notion of a formal recursion operator.

Definition 6. A quasi-local formal series

A =¢() +api(Er,n) + 02 Pa (&1, E2, ) + 03 (51, &2, 3, ) + - - (7)

is called a formal recursion operator for equation (4) if it satisfies
At:ﬁ*OA—AOF*, (8)

where F is a symbolic representation of a Frechet derivative of F.
The following statement holds.

Theorem 2. If equation (4) possesses an infinite hierarchy of higher symmetries, then it
possesses a formal recursion operator (7) with ¢ (n) = n.

The proof of the theorem can be found in [6].
The equation A; = F,o0A — AoF, canberesolved in terms of functions ¢; (&1, ..., &, 1).

Proposition 2. Let ¢ (n) be an arbitrary function and formal series

A =¢() +api(Er, n) + 02 Pa(E1, E2, ) + 033 (61, £, E3,m) + - - -
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be a solution of equation (8); then its coefficients ¢, (&1, . .., En, 1) can be found recursively:
2(p(m+&) — o)
$161,n) = ar (&1, m),
G»(&1, 1)
1
¢m(§1,~-,§mﬂ7)= (m+1)(¢(n+‘§l++ém)
GoEr, .k, )

m—1

—¢(Tl))am(§1, DR Em’ 7]) + Z<n¢n(‘§ly LRI Sn—lv én to-t ém: n)am—n

n=1

X (%“n, '~'s$m)+ (m —n+ 1)¢n<§1’ '-~v‘§n’ n+ Z sl)am—n(‘i:m'lv ~'~v‘i:mv 77)

I=n+1
—(m—n+Day_, <§n+l’ cos b+ Zfz)%(éu ook, 77)>>
=1

The proof can be found in [6].
Theorem 2 and proposition 2 suggest the following integrability test for equation (4).

e Compute the symbolic representation of equation (4) and calculate the first few coefficients

¢iEr, ... E,m),i=1,2,....

e Check the quasi-locality conditions.

In the following section we apply this test to isolate and classify integrable generalizations
of the Camassa—Holm equation.

3. Lists of generalized Camassa—Holm-type equations

In this section, we present the classification results of Camassa—Holm-type equations with
quadratic and cubic nonlinearity. We consider the following three ansétze for equation (4):

22 2 2
(1 —€ Dx)u, = ClUlUy + € [czuu” + C3MX] + €7 [Caltlhyyy + C5U U]
3 2
+€° [Collltyxny + CTllxllyyxy + C31LY, |

4
+€ [C9uuxxxxx + CloUxUxxxx + Clluxxuxxx] s (9)

22 2 2 2 3
(1 — €DY)u; = cru + €cottsttyy + €[ Caltylry + Catth, | + € [CsUxllyxry + CollxrUrx]

4 2
+€ [C7uxuxxxxx + CgUyxUxxxx t Cgl/txxx] (10)

and

(l — esz)u, = cluzux + e[czuzum + C3uu)2c] + 62[04u2u”x + C5UUL UL + CGMi]

3 2 2 2
+€ [C7u Uxxxx + C8UUxUxxx + CoUU, + C]()thbtxx]
4 2 2 2
+e€ [C“M Uxxxxx T C12UUxUxxxx + C13UUxxUxxx + C14U Uxxx + ClS“xuxx]‘ (1 1)

Here ¢ and ¢; are the complex parameters and € # 0. The right-hand sides of equations (9),
(10) and (11) are homogeneous differential polynomials of weights 1,2 and 1, respectively,
if we assume that weight of u; is i, weight of € equals —1 and weights of u, in (9), (10) and
(11) are 1, 2 and 1, respectively.

We bring equations (9)—(11) to the form (4) by shift transformation 4 — u + 1 in the
case of equations (9) and (11), and by u — u + x in the case of equation (10). We then
construct the corresponding symbolic representations and compute first three coefficients

8
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of the corresponding formal recursion operators using proposition 2. In each class we
then isolate the equations for which the first three coefficients of the corresponding formal
recursion operators are quasi-local—this is the necessary integrability condition according to
theorem 2. We then study the obtained equations in some details and present corresponding
higher symmetries, Lax representations or linearization transformations.

3.1. Equations with quadratic nonlinearity

Theorem 3. Suppose that at least one of the following equations is not satisfied:
Cy = 0, Ce = O, Cg = 0, Cl+Cq4 = 0. (12)

Then if equation (9) possesses an infinite hierarchy of quasi-local higher symmetries, then up
to re-scaling x — ax,t — Bt,u — yu,«a, B,y = const, it is one of the list:

(1 —€*D)uy = Buuy — 26 Uty — € Uy, (13)
(1 —€*D})u, = D (4 — €°D}) u?, (14)
(1 —*D)u, = D, [(4 — €DY)u]’, (15)
(1—€*D})u, = Dy(2+€D,) [(2 — eD)ul’, (16)
(1 —€*D})u, = Dy (2 — eD,)(1 + €D)u?, (17)
(1 —€*D})u, = Dy(2 — €Dy) [(1 + €D)ul*, (18)
(1—€*DY)u, = Dy [(2— eDy)(1 +€D)ul’, (19)
(1 = €*D})u, = Dy(1 +€Dy) [(2 — €D )ul*, (20)
(1 =€’ D})u, = (1 — € D}) (euury — Seus + cuu,), ceC, (21)

(1—€*D})u, = (1 — €Dy) [eS)S(urx) — 2e(Swy))* — 2eS@)Suy)],  S=1+eD,.
(22)

We introduce a linear term into equation (9) by a shift # — u+1 and construct the symbolic
representation of the equation. The condition that at least one of the equations in (12) is not
satisfied insures that w (§;) # const &; in the corresponding symbolic representations. To prove
the theorem it is sufficient to check the quasi-locality conditions of &g (€1, 1), 122452 (&1, &, 1)
and @3¢5 (&, &, &, 1) of the formal recursion operator:

A =0+, )+ P&, &, ) + BP3(E1, &, &, 7).

We do not present here the explicit formulae for these functions as they are quite cumbersome.
One can easily compute them using proposition 2.

Theorem 4. Suppose that at least one of the following equations is not satisfied:
6‘220, C5=0, C7=0, 201+C3=0.

Then if equation (10) possesses an infinite hierarchy of quasi-local higher symmetries, then
up to re-scaling x — ax,t — Bt,u — yu,a, B,y = const, it is one of the list:

(1 - 62D§)u, = % (3u§ — 26Uty — 62u§x) , (23)

9
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(1 —€*DYu, = (4 — D) u?, (24)
(1= DYu, = [(4 - DY)u,]’, (25)
(1 —€*D2)u, = 2+€Dy) [(2— eDu, >, (26)
(1—€*D})u, = 2 —eDy)(1 + €Dul, 27)
(1 —€*D)u, = 2 — D) [(1 + €Du, ], (28)
(1—€*D})u, = [(2 — €D)(1 +€Dy)us]?, (29)
(1 —€*D2)u, = (1 +€Dy) [(2 — eDo)u, . (30)

We introduce a linear term by a shift ¥ — u + x and then construct the symbolic
representation of equation (10). To prove the theorem it is again necessary to check the quasi-
locality conditions of the first three terms of the corresponding formal recursion operator.

Let us consider now some properties of equations (13)—(22) and (23)—(30).

Camassa—Holm equation (13). Equation (13) is the Camassa—Holm equation. It can be
rewritten as
m; =2mu, +umy, m=u— ezu”.

The Camassa—Holm equation possesses an infinite hierarchy of local higher symmetries and
the first non-trivial local symmetry is

u; =D, (u — Ezu”)_%.

The Lax representation and the bi-Hamiltonian structure can be found in [1, 4].
Degasperi—Procesi equation (14). Equation (14) is the Degasperis—Procesi equation and it
can be rewritten as

m; = 6mu, +2um,, m= (1 —62D§)u.

The Degasperis—Procesi equation also possesses an infinite hierarchy of local higher
symmetries and the first such a non-trivial symmetry is

2
U = (4 — ezDi)Dx(u — ezu”)’?
The bi-Hamiltonian structure and the Lax representation for the Degasperis—Procesi

equation can be found in [5].

Equation (15). The first non-trivial symmetry of equation (15) is
_2
ur =Dy [(4—€°D}) (1 —€’D})u] °.
Equation (15) can be rewritten as
m; = D, (m+3u)2, m:u—ezum.

It is easy to see that the Degasperis—Procesi equation transforms into equation (15) under the
transformation

u— (4— ezDi)u.
The Lax representation for equation (15) is

Ve — Yaxx — A(dm — 62mxx)l/f =0,
2 2
v = tixx +2(m + 3u)y, — 2<mx +3u, + 3—))@0

10
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Equation (16). The first non-trivial symmetry of equation (16) is
e = 2+ €D)DQ2 — D) — )] .
The Degasperis—Procesi equation transforms into (16) under the change of variables
u—> 2—€eDu.
The Lax representation for equation (16) is
Yy — Yoxw — A 2m —emy) ¥ =0, m=u— ey,

2 2
wt = wax + 2(2u - eux)wx - 2<2ux — €Uxx t+ 3_)\‘)1”

Note that the other transformation u — (2 + € D,)u of Degasperis—Procesi gives the
equation (1 — esz)u, = D, (2 — €D,) [(2 + € D,)u]?, which transforms into (16) under the
change x - —x,t — —t.

Equation (17). Equation (17) possesses a hierarchy of local higher symmetries and the first
non-trivial one is
e = Dy [(1 —eDyul ™"
The last equation is linearizable by the transformation
1

x = —elog(vy(y, 1)), u= m,

— vy = vyy.

Equation (18). The higher symmetries of this equation are quasi-local and the first non-trivial
one is

(1+eDu, = D, [(1 —€D)u] "
However, equation (18) can be rewritten as
m; = D,(2 —eDy) [(1 + €Dul?, m=u—€eu,,

and the latter equation possesses an infinite hierarchy of local higher symmetries in dynamical
variable m. One can easily check that the first such a symmetry is

my = Dy(1 —eD)m™".
The last equation is linearizable by the transformation
1

 Jelog((y, 1),
Equations (17) and (18) are related by the transformation u — (1 + e D,)u. Itis clear that
this transformation does not preserve the locality of higher symmetries of equation (17).

x = —elog(v(y, 1)), m= = U = Uy,.

Equation (19). The first non-trivial higher symmetry of this equation is quasi-local
(1+€Dur = Di[(2 — D) (u — €ux)] .

However equation (19) can be written as
m; = Dy[(2 — eDy)(1 + eDy)ul?, m=u— ey,

and the latter equation possesses an infinite hierarchy of local higher symmetries and the first
one reads m; = D,(1 — eD,)[(2 — eD,)m] 2. The Lax representation for equation (19) is
not known yet.

Equation (20). The first non-trivial higher symmetry of equation (20) is
= Dy [2 — eD)(1 — eDul 2.
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This equation possesses an infinite hierarchy of local higher symmetries. Note that
equation (19) can be obtained from (20) by the transformation u — (1 + €D,)u. The
Lax representation for this equation is not known yet.

Equation (21) is a local second-order linearizable evolutionary equation [10], while
equation (22) transforms into (21) as u — (1 + € D, )u.

Equations (23)—(30) can be obtained from equations (13)—(20) via the potentiation
transformation # — u,. Indeed, the right-hand side of each of equations (13)—(20) is a
total x-derivative, and therefore these equations admit a non-invertible transformation u = i, .
For example, in the case of the Camassa—Holm equation (13) we have

(1 —€*DY)uy = Buuy — 2€%u ey — € uttyyy = D, (3u” — € uuy, — 3€%u?),
and therefore if u = ii,, then for & we obtain equation (23):
212\ 4 342 2a ~ 1,242
(1 —€ Dx)u, = (iux — €l lyyy — € uxx).

3.2. Equations with cubic nonlinearity

Now we consider equations with cubic nonlinearity.

Theorem 5. Suppose that at least one of the following equations is not satisfied:
=0, c7=0, ci1 =0, c1+c4 =0.

Then if equation (11) possesses an infinite hierarchy of quasi-local higher symmetries, then
up to re-scaling x — ax,t — Bt,u — yu,a, B,y = const, it is one of the list:

(1 — €2D2)u; = 2uPury + 3 U uy, — 4uu,, (3D
(1 = €2D)u; = Dy (2 ulury — €*uluyy + unt —u?), (32)
(1 —€*D2)uy = € ulugey + €t usuil, + 263 uu it + €uns, + Euluy,

+62u2umx — ezui — euzuxx — 3euu)2C — 2u2ux, (33)
(1 —€*DYu, = (1 + €Dy) (euuyy + eun? — 2u’uy) (34)
(1 =€’ DYu, = (1 + €D (267 U1, — €2uusity, — €21l — €uuy, — euns + 2u’uy), (35)
(1 =€’ DYu, = (1 — € DY) (X0 tyrx — Uttty + 362 3+ cu’uy), ceC, (36)
(1 — ezDi)u, = (1 — ezDi)(ezuzumx + ezuuxum — g 2 )36 + cuzux) ceC, 37

(1 — €2D2)u, = (1 — ezDz)(ezuzumx + ezuuxuxx — 223

X 9 X
+3c€u’uyy + ceuny + 2P uluy), ceC, (38)
(l — esz) (1 — 62D2) (e uzuxxx + éezu; + 3ceu’ Uyy + ceuu +2c%u ) ,
ceC, (39)
(1 —€*D2)u, = (1 — €2 D7) (et’uyy + cu’uy) ceC. (40)
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We introduce a linear term into equation (11) by a shift transformation utou + 1. The proof
requires to check the quasi-locality conditions of the first three terms of the formal recursion
operator.

Equation (31). The first local higher symmetry of this equation is
-2 2 40 2 -1 3 -2 2
U =m 3 € (mmxm—Smxm“)+ge m-3m; —4m” 3 my, Mm=1Uu— € Uyy.
Equation (31) can be rewritten as
m, = —(u’m, + 3muuy), m=u—€eu,,.

The Lax representation for equation (31) is

2
3 ) 3 My mm,, —2m
€ wxxx = flﬁx +Am 1ﬁ+26 _WXX + —xw)n
m m2
€u € MU, +umy, 2
Yo = oYy — — Yy — 1
Am A m

Equation (31) has been recently studied in detail in [7], where the Lax representation was
constructed in a different form. The authors of [7, 11] also obtained the bi-Hamiltonian
structure and constructed the peakon solutions for equation (31), for which the positions and
amplitudes of the peaks satisfy a finite-dimensional integrable Hamiltonian system.

Equation (32). The first local higher symmetry of equation (32) is
U; = m’3mx, m=u— e2uxx.
Equation (32) can be rewritten as

2.2

m; = (e u; uz)mx — 2m2ux.

This equation was recently derived from shallow water theory in [8], where the Lax

representation and bi-Hamiltonian structure were presented and different types of solutions
were constructed; however, an equivalent form of this equation was given by Fokas in [13].

Equation (33). The higher symmetries of this equation are quasi-local and the first one reads

(1+eDu, =m™" (emmy, — 3em? — 2mm,), m=u— € uy,.
Equation (33) can be rewritten as
2.2 2 1 2 2
m; = —€“uimy — 2muny, + m-uy — 2euu,my + —mu(m — u) — emuy — UMy
€
and the latter equation possesses an infinite hierarchy of local higher symmetries in m. The

first such symmetry is

m; = — er)m_7 (emmxx — 36m)2r — 2mmx) , m=u—€u,,.

Equation (34). Equation (34) possesses an infinite hierarchy of local higher symmetries and
the first non-trivial one is

U, =v"’ (Evv” — 361)5 — 2vvx) , V=1U— €Uy.

Equation (35). The first local higher symmetry of this equation is

Ur =v_2(v+evx)_] — 073, V=1U— €Uy.
The latter equation is linearizable as it is a second-order integrable evolution equation (cf
equations (17) and (18)).

Equations (37)—(40) correspond to local evolutionary equations of orders 3 and 2.
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4. Conclusions

In this article, we have considered polynomial homogeneous generalizations of the Camassa—
Holm-type equation with quadratic and cubic nonlinearity. We have classified all equations
of the form (9), (10) and (11), which possess infinite hierarchies of (quasi)-local higher
symmetries. We have shown that the obtained equations can be treated as non-local symmetries
of local scalar evolution quasi-linear integrable equations of orders 2, 3 and 5.

Some of the obtained equations seem to be new and are likely to provide more examples
of solution phenomena (peakons, compactons, other weak/non-classical solutions) that do not
appear in local evolution equations [14]. The study of multi-phase solutions of these equations
remains out of the scope of this paper.

Acknowledgments

The author is very grateful to A N W Hone, A V Mikhailov, ] P Wang, E V Ferapontov
and R Camassa for valuable discussions. This work was supported by EPSRC Postdoctoral
Fellowship C/527747/1.

References

[1] Camassa R and Holm D D 1993 Phys. Rev. Lett. 71 16614
Camassa R, Holm D D and Hyman J M 1994 Adv. Appl. Mech. 31 1-33
[2] Fuchssteiner B 1996 Some tricks from the symmetry-toolbox for nonlinear equations: generalizations of the
Camassa—Holm equation Physica D 95 22943
[3] Hone A N W and Wang J P 2003 Prolongation algebras and Hamiltonian operators for peakon equations Inverse
Problems 19 129-45
[4] Fokas A S and Fuchssteiner B 1981 Physica D 4 47-66
[5] Degasperis A, Holm D D and Hone A N 'W 2002 Theor. Math. Phys. 133 1461-72
[6] Mikhailov A V and Novikov V S 2002 Perturbative symmetry approach J. Phys. A: Math. Gen. 35 4775-90
[71 Hone A N W and Wang J P 2008 Integrable peakon equations with cubic nonlinearity J. Phys. A: Math. Theor:
41 372002
[8] Qiao Z 2007 New integrable hierarchy, its parametric solutions, cuspons, one-peak solutions, and M/W-shape
peak solitons J. Math. Phys. 48 082701
[9]1 Mikhailov A V and Yamilov R I 1998 Towards the classification of (2 + 1)-dimensional integrable equations:
integrability conditions I J. Phys. A: Math. Gen. 31 6707-15
[10] Mikhailov A V, Sokolov V V and Shabat A B 1991 The symmetry approach to classification of integrable
equations What is Integrability (Berlin: Springer)
[11] Hone A N W, Lundmark H and Szmigielski J 2009 Explicit multipeakon solutions of Novikov’s cubically
nonlinear integrable Camassa—Holm-type equation, arXiv:0903.3663v1
[12] Mikhailov A V,Novikov V S and Wang J P 2009 Symbolic representation and classification of integrable systems
Algebraic Theory of Differential Equations (LMS Lecture Notes Series vol 357) (Cambridge: Cambridge
University Press)
[13] Fokas A S 1995 On a class of physically important integrable equations Physica D 87 145-50
[14] LiY A, Olver P J and Rosenau P 1999 Non-analytic solutions of nonlinear wave models Nonlinear Theory of
Generalized Functions (London: Chapman and Hall) pp 129-45

14


http://dx.doi.org/10.1103/PhysRevLett.71.1661
http://dx.doi.org/10.1016/0167-2789(96)00048-6
http://dx.doi.org/10.1088/0266-5611/19/1/307
http://dx.doi.org/10.1016/0167-2789(81)90004-X
http://dx.doi.org/10.1088/0305-4470/35/22/309
http://dx.doi.org/10.1088/1751-8113/41/37/372002
http://dx.doi.org/10.1063/1.2759830
http://dx.doi.org/10.1088/0305-4470/31/31/015
http://www.arxiv.org/abs/0903.3663v1
http://dx.doi.org/10.1016/0167-2789(95)00133-O

	1. Introduction
	2. Integrability test
	2.1. Symmetries and approximate symmetries
	2.2. Symbolic representation
	2.3. Symmetries and approximate symmetries in the symbolic representation

	3. Lists of generalized Camassa--Holm-type equations
	3.1. Equations with quadratic nonlinearity
	3.2. Equations with cubic nonlinearity

	4. Conclusions
	Acknowledgments
	References

